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Abstract. In this paper we extend a recent Pisier's inequality for p-orthogonal 
sums in non-commutative Lebesgue spaces. To that purpose, we generalize the 
notion of p-orthogonality to the class of multi-indexed families of operators. 
This kind of families appear naturally in certain non-commutative Khintchine 
type inequalities associated with free groups. Other p-orthogonal families are 
given by the homogeneous operator-valued polynomials in the Rademachcr 
variables or the multi-indexed martingale difference sequences. As in Pisier's 
result, our tools are mainly combinatorial. 



Introduction 

Let A4 be a von Neumann algebra equipped with a faithful, normal trace r 
satisfying r(l) = 1 and let us consider the associated non-commutative Lebesgue 
space L p (t) for an even integer p. Let T be the product set {1, 2, . . . , n} d and let 
/ = (f-()-<er be a family of operators in L p (t) indexed by T. We shall say that / is 
p-orthogonal with d indices if 

T (fh(l)fh(2)fh(3)fh(4) ' ' ' fh(p-\)fh(p)) = 

whenever the function h : {1,2, . . . ,p} — > T has an injective projection. In other 
words, whenever the coordinate function 7Tfe o h : {1, 2, . . . ,p} — * {1, 2, . . . , n} is 
an injective function for some 1 < k < d. Of course, as it is to be expected, the 
product above can be replaced by 

fh(l)fh{2) ' ' ' fh{p-l)fh(p)i 

with no consequences in the forthcoming results. The case of one index d — 1 was 
already considered by Pisier in [Hj . The main result in is the following inequality, 
which holds for any p-orthogonal family fx, fi, . . . , /„ with one index 
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k=l ^ v ' k fe=l *^ ' fe=l 

Some natural examples of 1-indexed p-orthogonal sequences of operators are the 
(non-commutative) martingale difference sequences, the operators associated to a 
p-dissociate subset of any discrete group (via the left regular representation) or 
a free circular family in Voiculescu's sense |1U|. In particular, several relevant 
inequalities in Harmonic Analysis such as the Littlewood-Paley inequalities, the 
(non-commutative) Burkholder-Gundy inequalities [Bj, or the (non-commutative) 
Khintchine inequalities E] appear as particular cases. Moreover, it turns out 
that the combinatorial techniques applied in led to the sharp order of growth 
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of the constant appearing in the non-commutative Burkholdcr-Gundy inequalities. 
For the more general case of d indices, we are interested in upper bounds for the 
norm in L p {t) of the sum 

To explain the main result of this paper, let us introduce some notation. Let [to] be 
an abbreviation for the set {1, 2, . . . , m}. Then, if Pd(2) denotes the set of partitions 
(a, 0) of [d] into two disjoint subsets (where we allow a and (3 to be the empty set), 
we denote by 

tt q : r -» [n]l Q l 

the canonical projection given by 7r Q (7) = (ik)kta for any 7 = (ii, ... & [n] d . 
Then, if denotes the natural basis of the Schatten class S p , the sum 

£ f*f ® e 7r Q (7),7T 3 (7) 

can be understood as an L p (Y)-valued matrix with n' Q ' rows and n'' 3 ' columns. In 
particular, we always obtain an element of the vector-valued space L p (r; S p ). Our 
main result can be stated as follows. Let p be an even integer and let / = (/ 7 ) 76 r 
be a p-orthogonal family in L p (r) with d indices, then 



Here, denotes an absolute constant depending only on d. Recall that Pisier's 
inequality follows from our result for 1-indexed p-orthogonal sums since a is either 
{1} or the empty set while fi is the complement of a. The general picture of our 
proof follows similar ideas to those in UJ. Indeed, let F„ be the free group with n 
generators gi, g%, . . . , g n and let A stand for the left regular representation of F„. 
Then it is easy to check that the family of operators 

f-y =^(ffij® A(0j 2 )®---<8> A(#iJ with 7= (h,i2,-..,id), 

is p-orthogonal with d indices for any even integer p. Using the non-commutative 
Khintchine inequality for free generators, we show that this family satisfies the 
inequality appearing in our main result. After that, the basic idea is to show that 
the norm of any p-orthogonal sum with d indices is controlled by the behaviour of 
this family. To that aim, we use the same combinatorial techniques employed in jH] 
to obtain a factorization result which allows us to use Holder inequality. Then, the 
result follows easily. 

In Section ^ we describe the inequalities which arise when applying several 
times the non-commutative Khintchine inequality for free generators to the family 
A(flu) ® • •• ® A(g id ). These inequalities will be used in the proof of our result. In 
Section|21 we give a brief summary of results about the theory of partitions that we 
shall need in the proof. Section[3]is devoted to the proof of the stated inequality for 
multi-indexed p-orthogonal sums. Section 0] contains two particularly interesting 
examples of multi-indexed p-orthogonal sums. The first one generalizes the notion 
of p-dissociate set in a discrete group. The second one is related to a Burkholder- 
Gundy type inequality for multi-indexed martingale difference sequences. 
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1. Iterations of the Khintchine inequality 

Let F„ be the free group with n generators gi, g%, . . . ,g n . If 8t denotes the 
generic element of the natural basis of ^(Fn), the left regular representation A of 
F„ is defined by the relation 

A(ii)£t 2 = S tl t 2 . 

The reduced C*-algebra C^(F„) is defined as the C*-algebra generated in Z?(£ 2 (F n )) 
by the operators A(i) when t runs over F n . Let us denote by r the standard 
trace on C^(F„) defined by t(x) — (xS e ,S e ), where e denotes the identity element 
of F n . Then, we construct the non-commutative Lebesgue space L p (r) in the 
usual way and consider the subspace W p (n) of L p (t) generated by the operators 
A(gi), A ((72), ■ ■ ■ j A ((/„). The next result was proved by Haagerup and Pisier in |2] 
when p = 00 and extended to any exponent 2 < p < 00 in [7] . 

Lemma 1.1. Let aj., &2, ■ ■ ■ ,a n be a family of operators in some non- commutative 
Lebesgue space L p {(p). The following equivalence of norms holds for 2 < p < 00, 




a k (g)\(g k ) ~ max < a k ® e xk , a fc (g) e fc i 

L p ( v «.r) I II ^ r. r,„.p^ 11^ 



k=i ' V fc=i k=i 

In fact, the linear map u : R p n C p — > W p (n) defined by 

u{eik © e fc i) = A(5 fe ), 
zs a complete isomorphism with ||M|| c b < 2 and completely contractive inverse. 

The row and column Hilbert spaces R p and C™ are defined as the operator spaces 
generated by {ey | 1 < j < n} and {e,i | 1 < i < n} respectively in S p . Now, let 
us consider the group product G,j = F„ X F n X • ■ • X F n with d factors. The left 
regular representation A^ of has the form 

A d (ti, t 2l ...,t d ) = Hh) ® A(t 2 ) <8> • • • <g> A(< d ). 

Hence, the reduced C*-algebra C^ d (Gd) is endowed with the trace = t<S>t<S>- ■ -(Hit 
with d factors. This allows us to consider the non-commutative space L p (r £ ;) for 
any 1 < p < 00. Then we define the space W p (n)® d to be the subspace of L p (Td) 
generated by the family of operators 

The aim of this section is to describe the operator space structure of W p (n)® d as a 
subspace of L p {jd) for the exponents 2 < p < 00. This operator space structure has 
been already described in Section 9.8], but here we shall give a more detailed 
exposition. As it was pointed out in 0, the case 1 < p < 2 follows easily by 
duality. However, we shall not write the explicit inequalities in that case since we 
are not using them and the notation is considerably more complicated. If we apply 
repeatedly Lemma ll. II to the sum 

n 

Sd(a) = ^2 a ni2---i d ® A(5iJ <g> \{gi 2 ) <£> ■ • ■ <8> X(g id ) e L p (<p ® r d ), 

il,...,i<j=l 

then we easily get 



||<Sd(a)IU p ( v <g>T d ) < 2 d max <( || 2J o*i •••««« ® ® • • • <S> £d(v) 

,...,i d = l 



L p (<p\S p ) 



4 



JAVIER PARGET 



where the maximum runs over all possible ways to choose the functions £1 , £2 , ■ ■ ■ , £,d 
among = e.\ and = e±.. That is, each function can take values cither 
in the space R p or in the space C™. For a given selection of £1, £2, • ■ ■ , £d we split 
up these functions into two sets, one made up of the functions taking values in R p 
and the other taking values in C™. More concretely, let us consider the sets 

R« = {k\ Zk(i)=e u }, 
C£ = {k\Z k {i) = e il }. 

Then, if has s elements, the sum 

n 

^ ctii-id &>£i(«i) ® ••• ®id{id) 

i 1 ,...,i d = l 

can be regarded as a 77 s x n d ~ s matrix with entries in L p (ip). Now, using the 
notation already presented in the Introduction, we express the inequality above in 
a much more understandable way. Namely, we have 



L v {<p\S v ) 



(1) \\Sd{a)\\ Lp{ vm d ) < 2 d (a ™f d(2) \ |E fl 7 8e ^Wfl(7) 
Remark 1.2. By the same arguments, the converse of Q holds with constant 1. 

2. MOBIUS INVERSION 

Given a positive integer m, we denote by P m the lattice of partitions of the set 
[771] = {1,2,..., m}. If p and a are elements of P m , we shall write p < a when every 
block of p is contained in some block of a. The minimal and maximal elements of 
P m with respect to this partial order are denoted by and 1 respectively. That is, 
stands for the partition into m singletons and 1 coincides with {[777]}. The Mobius 
function p, is a complex-valued function defined on the set of pairs of partitions 
(p, c) in P m x P m satisfying p < a. The following Lemma summarizes the main 
properties of this function that we shall use below. 

Lemma 2.1. Let us consider a pair of functions <I> : P m — > V and ^ : P m — ► V 

taking values in some vector space V . Then the following implication holds 

= ]T => $(p) = J2»(p,<rM<r)- 

Besides, the Mobius function satisfies the following identities 

• For any a > 6, we have p(p, a) = 0. 

6<p<£T 

For a more detailed exposition of these topics we refer the reader to . Now, let 
p be an even integer and let ip : E\ x ■ • • x E p — > V be a multilinear map defined on 
certain vector spaces E\, E2, ■ ■ ■ , E p and taking values in the vector space V. For 
each 1 < s < p we consider elements / 7 (s) S E s indexed by V. Then, we define the 
sums 

F s = ]T/ 7 ( s )e£ s . 

7er 
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Clearly we have 

p(Fi ,F 2 ,...,F P ) = Y1 V(/MD C 1 ). A(2) ( 2 ) . ■ • ■ - /Mp) (p)) . 

h 

where the sum runs over the set of functions h : {1, 2, . . . ,p} — ► T. Now, for any 
such function h and for each 1 < k < d, we consider the partition a k (h) G P p 
associated to the coordinate function 7Tj, o h. In other words, given 1 < r, s < p we 
have the following characterization 

r ~ s (modcr fc (/i)) <^ ir k (h(r)) = ir k (h(s)), 

where ~ (mod a) means belonging to the same block of a. Let us also consider the 
d-tuple 8(h) = (<Ti(/i), cr 2 (h), . . . , a d (h)) in the product P(p, d) = P p x • • • x P p with 
d factors. Then we can write 

p(Fi,...,F p )= 

where $ : P(p, c?) — > has the form 

*(»?) = X! v(/h(l)( 1 )'-"'/h(p)(P))- 

Now, if 77 = (pi, . . . , pd) we shall write 77 ~ whenever p k — for some I < k < d. 
Then, we obtain the following decomposition 

(2) ^(F 1; . . . ,F P ) = £ $(77) + E ' ' ' E 

ij~6 pi>6 p d >6 

Similarly, the expression h ~ will denote the existence of some 1 < fc < d such 
that £Tfc(/i) = 0. In other words, h ~ whenever /i has an injective projection. 
Then, since 5(h) = (ai(h), . . . , <Jd(h)), we have 

(3) E = E (!)>•••> Aw 0)) ■ 

For the second sum in we define 

^ d{PU P-2, ■ ■ ■ , Pd) = E $ (Pl>P2, • • ■ 

Then, if we fix pi, p 2 , ■ . ■ , Pd—i, we can apply Lemma 12. II to obtain 

E $ 0°1>P2, • ■ ■ ,Pd) = E( E KPd,crd)Vd(pi, ■ ■ ■ ,Pd-iWd)J 
Pd >6 Pd >b <?d>Pd 

= E *d(pi, • ■ ■ ,Pd-iWd) E Kpd,<?d) 

a d >6 ()<p d <a d 

= ^(-P-(®,Od))^d(PlT--,Pd-lWd) 

<?d>0 

Similarly, we define 

*d-i(pi, P2, ■ ■ ■ ,Pd-l\&d) = E ®d(pi,p2, ■ ■ ■ , Pd-2\crd-l,Vd), 

°d-l>Pd-l 

*d-2(Pl, Pi, ■ ■ ■ \(Td-l, O-rf) = *d-l(Pl, P2, • ■ ■ \<Td-2, &d-l, &d), 

<Td-2>Pd-2 
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and so on until 



*l(/Ol | CT2, ... ,(Jd) = £ *2(0"1,CT 2 , • ■ • ,CT<j). 

(Tl>Pl 

Then, applying Lemma f2. II as above, we have for 1 < k < d — 1 

* fc+ i(pi, . . . \a k+ i, . . . ,a d ) = - ^2 /- t (0) cr fc)*fc(Pi> ■ ■ ■ Wk, ■ ■ -,<Td). 

p fc >6 <x fc >6 

Putting all together, we get 

( 4 ) £---E*fo) = H) d E--E[n^^)]*^-'^ 

Pi>o p d >6 <ri>6 CT<i>6 fc=1 

where the function can be easily rewritten as 

(5) ^ 1 (a 1 ,...,a d ) = P(/fc(i)( 1 )>/fc(2)(2),...,/fc( P )(p)). 

ft : a k (h) > o k 
1 < k < d 

In summary, looking at (J2J, JSJ, © and 101 we have the following result. 
Lemma 2.2. TTie following identity holds 

F*) - X>(A(i)(l), •.•>/*<,,) GO) 

/i~6 



a 

(-^E-E [IImCo,^)]^!,...,^), 



CTl>6 CTd>6 fc=i 



where has the following form 



*(cti, . . . ,<r d ) = £ ¥»(//.(!) (l),//.(2)(2),...,// l (»(p)). 



h : <T fe (/l) > cr fc 
1 < A; < d 



3. Proof of the main result 

In this section we shall prove the result stated below. We start by factorizing 
the sum which defines the function ^> above. This will allow us to show that the 
behaviour of any p-orthogonal sum with d indices is majorized by the estimates 
obtained in Section ^ with the aid of non-commutative Khintchinc inequalities. 

Theorem 3.1. If f = (/ 7 ) 7 er is p- orthogonal in L p (t) with d indices, then 



-yer 



^L^-^ 2 ^ (aj&J II EA® ^(7)^(7) 
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3.1. Factorization of Let M. be a von Neumann algebra equipped with a 
faithful normal trace r satisfying r(l) = 1 and let p be an even integer. Following 
the notation above, we shall take in what follows E s — L p (t) for all 1 < s < p 
and the multilinear map tp will be replaced by the trace r acting on a product of 
p operators in L p (r). That is, / = (/ 7 ) 7£ r is assumed to be p-orthogonal in L p (t) 
with d indices and we have 

^(/MijC 1 )) A(2)( 2 )> ■ ■ •> fh{ P )(pj) = t(A(i)(1)A(2)(2) • • • fh( P )(p)), 

where 

/£« if s is odd ' 

h(s) if s is even. 



fh(s){s) - 

The aim now is to factorize the sum 



*(<7i,...,<7 d ) = J2 r(f Hl) (l)f h{2) (2)---f h(p) {p)). 

h : <J k (h) > o k 
l<k<d 

We shall need below the following version of Fell's absorption principle. 

Absorption Principle in L p . Given a discrete group G, let us denote by A G 
the left regular representation of G and by r G the associated trace on the reduced 
C* -algebra of G. Then, given any other unitary representation tt : G — > tt(G)", the 
following representations are unitarily equivalent 

Ag ® 7T ~ Aq <8> 1, 

where 1 stands for the trivial representation of G in 7r(G)". Let us consider any 
faithful normalized trace ip on tt(G)" . Then, given any finitely supported function 
a : G — > L p ((f), the following equality holds for 1 < p < oo 



V a(t) ® Xq (t) <g> 7r(t) = V* a(t) ® A G (f) 



L p (l/J®T G ) 



Proof. See Proposition 8.1 of f° r the first part and [H] for the second. □ 

Lemma 3.2. Let a\, a~2, ■ ■ ■ , Od be a family of partitions in P p different from 0. 
If we are given < q < d, let B 9 be the set of elements s in {1, 2, . . . ,p} being a 
singleton exactly in q partitions among o"i, o~i, . . . , cr^. Then, there exists a discrete 
group G and a family Fi, F2, . . ., F p in L p (tq ® r) satisfying 



||F S || P < k d p" J] A(5 2l )®---®A( 5l J®/ 4l . 

*l,.»,id=l 

for each s £ B g whenever < q < d and also 



L p (T d 0r) 



|f s ||p = |Ea 

7er 



lL p (r) 



/or eac/i s 6 B^. Moreover, we have 



(6) £ r(/ fc( i ) (l)A {2) (2).../ fc{l , ) (p))=(rG®r)(F 1 F 2 -..F p ). 



1 < fc < d 
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Remark 3.3. As we have pointed out, Theorem 13 . II was already proved in 6 foi- 
l-indexed families. In particular, we can assume that Theorem 13.11 holds for any 
fc-indexed family whenever 1 < k < d — 1 and prove Theorem 13. II by induction. In 
the proof of Lemma 13.21 we shall need to use this induction hypothesis. 

Remark 3.4. From now on, might change from one instance to another. 

Proof. Let us consider an integer 2 < m < p. As it is customary, we write T m _i 
for the standard trace associated to the reduced C* -algebra of the group product 
F„ x F„ x ■ • • x F n with m — 1 factors. Then, for each 1 < i < n, we consider the 
following family £i(«),£2(j), ■ ■ • ,£,m(i) of operators in L p (r m _i) 





= X(gi)* <8 1 <8 1 <8> • • ■ 


® 1 (8 1, 




= AO;) (8 \(gi)* (8) 1 <g 


• • • <8> 1, 


&(<) 


= 1 <8> X(gi) <8> X(g l )* (g 


•••(81, 


Cm-l(i) 


= 1 ® ■ • • ® 1 <8> A(si) (S 


S>A(fli)*, 




= 1 (gi • • • <8 1 <8 A(pi). 





Given 5 : {1,2,..., m} — * {1, 2, . . . , n}, this family has the following property 
fj. , . , , ,.n f 1 if o is constant, 

(7) ^(60,(1)). ..^(sM)) = ( ./ g is non . cons ' tant 

Let us make explicit the blocks of the partitions 01, 02, . . . , ad by 

o-fe = |A fc:)fc 1 <j k < m fc |. 

Now we fix (Tfe and, for each Afcj fc with cardinality rrij k > 1, we construct the family 
II(i,jfc) = jfc),6(«, Jfc), ■ • ■ ,Cm 3k (i,jk)} in L p (r mife _i) as above. Notice that 

1 < i < n and 1 < < mfe. If the set Akj k has only one element, we take 
n(«, jfc) = jfc)} with jfc) = 1- Then we consider the following families of 

mfc-fold tensor products 

S(i,l) = II(i, 1) ® 1 (8> 1 (8 • • • (8 1, 
S(i,2) = I<8>n(i,2)(8l<8---(81, 

S(i,m fe ) = 1 (8 1 (8 ■ • ■ (8 1 <8 U(i,m k ). 

Here, the r-th '1' in S(i, jk) denotes the identity operator in L p (r mr _i). Recall that, 
fixed 1 < i < n, each S(i, jfc) is an ordered family with mj fc elements. On the other 
hand, for each 1 < s < p, there exist a unique set of indices ji(s), fa(s), ■ ■ ■ , jd(s) 
such that s belongs to the corresponding blocks of o~x, 02, • • • , o~d- In other words, 
we pick up the indices jfe(s) satisfying 

d 

S G P| Ajy fc(a ). 
fc=l 

This allows us to consider the family of operators 

</ 

A( 7 ,s) = (g)S(i jb ,jfe( S )) ) 
fc=i 
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where ik = ^k{"f) and 7 G T. Now we select an element of A(7, s) as follows. If s 
is the ri-th element in the block Ay^), then we pick up the ri-th operator in the 
family S(«i,j'i(s)). Let us denote it by xi s (ii). Similarly, if s is the r2-th element 
in A 2 j 2 ( s ), we pick up the T2-th operator in £(12, j2(s)), say a^sfe)- We iterate this 
process to get an element 

xu(ii) 8> x 2s (i2) ® •• • ® x ds (id) G A(7, s). 

Then we define, 



a 

X] (0^ s (^(7))) ® Ms). 



F s = 

7 er fc=i 

Clearly, there exists a collection of discrete groups Gi, G2, . . . , G<j (all of them being 
direct products of F„) such that F s G L p (tq ® r) with G = Gi x • ■ ■ x G^. Let us 
check that identity © holds. Notice that 

d p 

(7fc®r)(F 1 F 2 ...F p )= ^ II^(na: fa ,(7r fc (7.)))r(/ T1 (l)..-/ 7 ,(p)). 

7i,...,7 P 6r k—1 s=l 

Recalling the definition of Xk s and property J7J), it can be checked that 

d p 
fe=l s=l 

is 1 when the condition jk(s) — jk{s') => 7Tfc(7s) = 7Tfc(7s') holds for fc = 1, 2, . . . , d 
and is otherwise. In particular, identity JJjJ follows. Now we look at the norm of 
F s in L p (tq (gir). First assume that s G B^. That is, s is a singleton of <7k for every 
k = 1,2,..., d. Then 

F S = ^1®/ 7 M = (^1®/ 7 ) W 

7er 7 er 

where (*) is * when s is odd and 1 otherwise. Therefore the stated assertion follows. 
Finally, assume that s£B ( with q < d. If q — our estimation for the norm of F s 
is easy. Namely, a quick inspection of the definition of F s allows us to write 



n 

£ (< 



i 1 ,...,i d = l k=l 

where x{ik) can be either X(gi k )* or X(gi k ) <8> X(gi k )* or X(gi k ). However, by Fell's 
absorption principle these terms are unitarily equivalent. In other words, in this 
particular case we obtain an equality 



L p (T d ®T) 



II f s |Ip=| A (5ii)®-"® H9i d ) ® fh-i d ( s ) 

ii,...,id = l 

Notice that the dependence on s on the right can be ignored since the two possible 
expressions that come out (for s odd and s even) turn out to be equal. It remains 
to check the cases < q < d. For simplicity of notation, we assume that s is a 
singleton in a\, a-i, ■ ■ ■ , & q . As we shall see, the general case can be proved in a 
similar way. Then, again by Fell's absorption principle, we have 



I f s |Ip=|| A (^,+i)® X{g id ) ® f n ... id {s) 

ii,...,i d = l 



L P (r d - 
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Applying the iteration of Khint chine inequality described in we have 



|F s L<k d max 

(a,/3)SP d _ g (2) 



(|| £ [£*."(-) 



Lp (t ',Sp) 



The sum on the right can be rewritten as follows 



E [ E /c»( s )® e "«M^M 

C6[n]« v£[n] d -i 

Ce[n]« 



Now we observe that the family f" (s) is p-orthogonal with q indices for any (a, (3,s) 
as a simple consequence of the p-orthogonality of /. Since q < d, we can apply the 
induction hypothesis recalled in Remark 13.31 to obtain 



E f?b 



<kdp'"»" max l\\ E /""W® ^.(0.^(0 



Putting it all together, the assertion follows by Remark 1 1.21 



□ 



3.2. Concluding estimates. Now we are ready to prove Theorem 13. II First we 
recall that the p-orthogonality of / can be combined with Lemma l2~2l to drop those 
terms for which the indices admit an injective projection. In other words, 



7er 



lL p (r) 



^ v r (A"i A'a ' ' ' f~tp-if' 
7i,...,7 P er 

d 

(-^E-'-E [IImo,^)]*^!,...,^). 



CTi>6 <Td>0 k=1 



On the other hand, let us write 



A = II £ a 



7er 



\L p {t) 



E A (^) 

ii,...,i<j=l 



[ H9i d ) ® fh-i 



max 

(a,/3)ePd(2) 



£ f-y <8> eir a (7),7rp (7) 

7er 



Lp(r;Sp) 



Let us write 5 = (cri, (T2, . . . , ad) and let r(S) be the number of common singletons. 
That is, r((5) coincides with the cardinality of B^. Then, Lemma f3. 21 and Holder's 
inequality provide the following estimate 



m<ri,...<Td) 



< 



n if, 



< A^n( kd ^B) iB 

q=0 
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Notice that B < k^ C by inequality (JTJ. Now, recalling that 

E ^|B 9 | < ^ £ |B,| = d -^-H( P - r(S)), 

q=0 q=0 

we obtain the following estimate for ^ 

en / d(d-l) \ p-r{8) 

\^(a 1: ...a d )\<A r ^(k d p^C 
Putting it all together, we get 



a(g+l) 



B„ 



A' W (k d C 



p— r(S) 



cti>6 Od>6 fc=i 



p— r(5) 



Since > 6 for all fc, we have < r(S) < p — 1. Therefore, we can write 

p-i 

■t-^ / d(d-l) \P~r 

a p <E^ Ar ( k ^^ c ) 



r=0 



with <p r given by 



^= e ni^^i- 

S :r(S )=r fc=l 

The zero subindex in <5 is chosen to denote that the sum is taken over the set of 
So = (or, o"2j • • • j Cd) such that <7fc > for all k. Ignoring that restriction and 
applying Lemma 12. II we easily get 

<Pr< E IlK0.^)l=fllI E lM(6,a fe )|= (^)b-r)! d . 

5: r(<5)>r fc=l 

In particular, we obtain 



k=l CTfcSPp-^ 



p-i 



(8) 



d(d-i) \P-r 



where D has the form 
D = k d 



. , d(d-l) (d + 2)(d-l) 

sup (p — r)!* , - r p 2 C < kdp 2 C. 

0<r<p-2 J 



The last inequality follows easily from Stirling's formula. Now, we conclude by 
applying the same arguments as in [H] . More concretely, proceeding as in Sublemma 
2.3 of (BJ, we obtain 



d(d+l) 

A < 2pD < k d p^—C. 



(9) 

This estimation completes the proof of Theorem 13.11 Although the proof of (0 
follows from (JHJ) and Sublemma 2.3 of 6 , we include the proof for completeness. If 
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A < pD there is nothing to prove. Hence, assume that A > pD. Let us divide at 
both sides of JHJ by A p and let us write z = D/A, so that pz < 1 and 



p-i , 



r=0 



Then, we have 



< 

r=0 



r=0 W JO 

= / [(1 + zxf -l]e- x dx + l 
Jo 

/•OO 

= / (1 + zx) p e- x dx 
Jo 

/>oo 

< / exp(pzx — x) dx. 
Jo 



Since pz < 1, wc conclude 2 < (1 — pz)^ 1 and z^ 1 < 2p as desired. 

Remark 3.5. Let us look for a moment what happens with Theorem 13 . II when the 
von Neumann algebra M. is commutative, so that we can think of L p (r) as L p (fi) for 
some probability measure fj,. As was recalled in if we are given a p-orthogonal 
family /i,/2, • • • ,/n with one index in L p (fi), then we obtain the natural analog 
of Burkholder-Gundy inequality for a martingale difference sequence. Namely, we 
have 

(/ |E/ fe M|%H) 1/p <f P (/ [x:iami 2 ] p/ %h) 1/p - 

J Q k=l J n k=l 

In the general case, Theorem 13. II provides the following inequality 

4. TWO EXAMPLES 

We conclude this paper with two examples of multi-indexed p-orthogonal sums. 
The first one came out during the preparation of [H] and was the motivation of this 
work. It provides a generalization of the notion of p-dissociate subset of a discrete 
group. The second provides an analog of the non-commutative Burkholder-Gundy 
inequalities for multi-indexed martingale difference sequences. 

4.1. Multi-indexed p-dissociate sets. Let G be a discrete group with identity 
element e. A subset A = {ti, t%, . . . ,t n \ of G is called a p-dissociate set if for any 
injective function h : {1, 2, . . . ,p} — > {1, 2, . . . , n}, the following non-cancellation 
property holds 

t h(l) t h(2) t hlz) t h(A) ' ' '*h(p-X)*fc(p) ^ e ' 

In a similar way, let L be as above and let A = {t 7 : 7 e r} be a subset of G indexed 
by L. Then, we shall say that A is a p-dissociate set with d indices if the same non- 
cancellation property is satisfied whenever the function h : {1,2, ... ,p} — > T has 
an injective projection. Let Aq be the left regular representation of G and let us 
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denote by tq the natural trace on Ag(G)". Then, since Tc(A(t)) vanishes unless 
the element t is the identity e, it is clear that 



/ = {fl 7 ®A G (( 1 ) 7er} 



is p-orthogonal in L p (r ® tq) with d indices for any given function a : T — > L p (r). 
As was pointed out in J2j, these kind of sets can be used to obtain the classical 
Littlcwood-Paley inequalities from the case of 1-indexed families in Theorem 13.11 
A remarkable p-dissociate set with d indices is provided by the free group F„ with 
n generators 31,32, ■■• Indeed, let us consider the set 



1 < iu < n , 



By the freeness of the generators, it is not difficult to check that A is p-dissociate 
with d indices for any even exponent p. In particular, given any collection of 
operators A = (a 7 ) 7e r indexed by T, the family 

/. = a ili2 ... ld <S> X(g ll g l2 ■ ■ ■ g id ) 
is p-orthogonal in L p (t <g) tq ) with d indices and Theorem 13.11 gives 



J 7 <k d p 2 max < > J 7 ® e 7r Q (7),^( 7 ) 

.. _ 7 IIl p (t®t g ) (a,/S)eP d (2) I II ^ 7 «^>'^> 

7E1 I 7tl 

However, the following equivalence of norms 



L p (t®t g ;S p ) 



max 

(a,/3)eP d (2 




(7),T/3(7) 



max { II > > a T1 ® e T 7 



IS[n] fc ,lG[ri] d - fc 

holds for any exponent 2 < p < oo and with constants depending only on d. The 
reader is referred to [H] for the proof of this fact. Moreover, the main result in 
claims that the inequality above holds with constants independent on p and the 
same happens for the reverse inequality. In summary, we have 



E/JI ^ max < II y y a IT i ! ! 

7 Hl p (t<»t g ) 0<k<d 1 II ^ ' 



E E 

7er " u ' I lG[n] fc J£[n] d - k 



with constants depending only on d. This is the second example we meet in this 
paper for which the inequality in Theorem 13. II for multi- indexed p-orthogonal sums 
turns out to be an equivalence of norms, with constants depending only on d. The 
first was given in Section ^ see Q and Remark 11.21 In the next paragraph, we 
analyze one more example of this kind. 

4.2. Multi-indexed martingale difference sequences. Let us consider a von 
Neumann algebra Ai with a faithful, normal trace r satisfying t(1) = 1. For each 
1 < k < d, let us consider a filtration A4i(k), Ai 2 {k)^ ■ ■ ■ , Ai n (k) of Ai. A family 
/ = (/ 7 ) 7 er of random variables in L p (t) will be called a martingale difference 
sequence with d indices if the following condition holds for all k = 1, 2, . . . , d 

f y = E Mik(k) (h k J-E Mik _ l{k) «). 

Here, 7 fc = . . . , ik, ■ ■ ■ , id) for 7 = (h, ■ ■ ■ , id) with i k meaning deletion of i k 
and each h k is a (d — l)-indexed family in L p (t). In other words, we require / to 
be a martingale difference sequence when looking at each component ir k {j) = ik 



14 



JAVIER PARGET 



of the index set T. Notice that we allow different nitrations for each component. 
Such a construction again leads to a p-orthogonal family with d indices. Namely, 
let us assume that the A:-th projection of h : {1, 2, . . . ,p} — ► T is injective. Then 
we consider the largest value rrik of irk o h and we take conditional expectation of 
index — 1 with respect to the filtration A4i(k), M.2{k), . . . 1 M. n (k) so that 



T (f*h(l)fh(2) ' ' ' f*h(p-l)f h(p)) — T ( E A4 mfc _i(fe) fh(l)fh(2) ' ' ' /ft(p-l)/ h(p) 

Here Theorem 13 . II also admits a converse so that we get an equivalence 



0. 




L P {r;S p ) 



However, in contrast with the previous paragraph, in this case the constants depend 
on d and p. This equivalence can be regarded as the version of Burkholdcr-Gundy 
inequalities for multi-indexed martingale difference sequences. In fact, it can be 
proved without the aid of Theorem 13.11 Namely, it follows easily by iterating 
the (non-commutative) Khintchine inequality (with Rademacher functions instead 
of free generators) and applying repeatedly the UMD property of L p (r), which 
follows itself by the (non-commutative) Burkholder-Gundy inequalities. The reader 
is referred to the papers 0181111] for more on this. 

Acknowledgment. I wish to thank G. Pisier for introducing me to this subject. 
I also want to thank the anonymous referee for a very careful reading of this paper. 
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